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ABSTRACT A general microscopic theory of viscoelasticity for a binary mixture of two species is developed 
by using projection operator formalism. The theory is applicable to binary polymer blends, binary mixtures 
of nonpolymeric fluids, and solutions of homopolymers in a solvent of small molecules. Particular attention 
is given to the effect of viscoelasticity on the spectrum of quasi-elastic light (QEL) scattering from semidilute 
and concentrated polymer solutions. The results are compared with those previously obtained by Wang using 
the linearized hydrodynamic description of binary fluids which predict that the viscoelastic effect on the QEL 
spectrum will vanish when the specific volumes of the polymer and the solvent molecules are equal. We find 
that there is an additional contribution to the viscosity, not present in Wang’s theory, that can account for 
the viscoelastic effect experimentally observed by Brown and Stepanek in semidilute solutions near 8 condition 
even when the specific volumes are matched. 

Introduction 

Quasi-elastic light (QEL) scattering from polymer 
solutions in the semidilute concentration regime is of 
experimental and theoretical interest. It has been found 
experimentally that the spectrum of the scattered light, 
particularly in poor semidilute solutions near 9 condition, 
is multimodal, with relaxation times spanning 7-8 decades 
in the time scale.lJ The relaxation time distribution 
typically displays a narrow peak for short times with a 
relaxation frequency proportional to q2, where q is the 
scattering wavenumber. This fast diffusive mode is 
attributed tocollective motions in the cross-linked network 
on time scales shorter than the characteristic lifetime of 
the entanglements. The relaxation time distribution also 
displays a very broad q-independent peak at large 
relaxation times. These nondiffusive slow modes are 
attributed to the viscoelastic effects in the transient 
network and are believed to represent the relaxation of 
concentration fluctuations in a viscous solvent on time 
scales longer than the characteristic entanglement times 
in which chains can d i ~ e n t a n g l e . ~ ~ ~  Various models, such 
as the transient gel and “blob” diffusion mode1s,13 have 
been proposed and enjoyed limited success in the qualita- 
tive description of the QEL scattering spectrum from 
semidilute polymer solutions. They have recently been 
reviewed by Brown and Stepanek.’ 

Recently, a more detailed description of the viscoelastic 
effects on dynamic light scattering spectra from polymer 
solutions has been provided by Wang.596 In this work, 
Wang extended the linearized hydrodynamic description 
of binary fluids previously developed by Bearman and 
Kirkwood’ in the 1950s to polymer solutions consisting of 
a polymer component in a small molecular solvent. In 
Wang’s work, the term representing the coupling between 
the concentration fluctuations and viscoelastic relaxation 
is found to be proportional to the difference between the 
specific volumes of monomers and solvent molecules. 
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Hence, it is predicted that the contribution of the 
viscoelasticity to the QEL scattering spectrum vanishes 
when the specific volumes are equal. On the other hand, 
it has been observed experimentally by Brown and 
Stepaneks that the viscoelastic mode is still present in the 
spectrum even when the specific volumes are matched by 
properly adjusting experimental conditions. This appar- 
ent disagreement between the theory and experiment has 
motivated us to develop a general microscopic theory of 
viscoelasticity for a binary mixture of two polymer species 
A and B, in which one or both of the components can be 
solvents, in order to explain the origin of the observed 
discrepancy between the experiment and Wang’s theory. 
We show that there is indeed an additional term in the 
viscosity kernel that remains finite when the specific 
volumes are equal. 

Our approach is based on the Zwanzig-Mori9J0 projec- 
tion operator formalism. This formalism was implemented 
in 1970 by Akcasu and Daniels” to incorporate viscoelas- 
ticity in the linear hydrodynamic description of simple 
liquids by including the nonconserved part of the pressure 
tensor as one of the dynamical variables characterizing a 
macroscopic state of a liquid. The same formalism was 
used in 1972 by DesaP to extend the theory of light 
scattering from binary liquids as developed by Mountain 
and Deutch13 in 1969. Desai’s work implicitly included 
the linear viscoelasticity in binary fluid mixtures even 
though its emphasis was primarily on the analysis of 
Rayleigh-Brillouin scattering. In 1988 Hess and Akcasu14 
used a similar formalism to study the interdiffusion process 
in binary polymer mixtures by choosing the density and 
concentration fluctuations and their currents as state 
variables. In this paper, we implement the Zwanzig- 
MorigJo formalism by using the same set of dynamical 
variables as in Desai’s work but excluding the temperature 
fluctuations (isothermal limit), with the primary purpose 
of studying the effect of viscoelasticity on the light 
scattering from binary polymer mixtures. The present 
work is essentially an extension of the work by Hess and 
Akcasu14 to incorporate a detailed description of vis- 
coelasticity. 

0 1994 American Chemical Society 
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Description of the Theory 
We consider a mixture of two species (or components) 

A and B each consisting of n, identical polymer chains 
with polymerization indicesp,, a = A, B. The total number 
of monomers or segments in each component is denoted 
by N ,  = pana. For the case of the polymer solution with 
one component to be a nonpolymeric molecular solvent, 
we set the solvent component to A with P A  = 1 and N A  = 
nA and the polymer component to B. The fluctuations in 
the mass densities in the Fourier space are 
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N .  

where m, and rja denote the mass and the position vector 
of the j th  monomer belonging to the component a, 
respectively, Vis the volume of the system, and 6(k) is the 
Kronecker delta. We construct a density vector as 

f = [::I 
with elements 

where p d  are the equilibrium mass densities of the 
components, and po = PAO + PBO is the total mass density 
of the binary mixture. The variable [+(q,t) denotes the 
fluctuation in the total mass density, whereas [-(q,t) 
denotes the fluctuation in the concentration (or composi- 
tion). The reason for transforming from partial mass 
densities PA and p~ to the variables [+ and [- is that the 
latter represent respectively the sound mode and the 
interdiffusion mode, which relax on very different time 
scale. In contrast, the relaxation of the partial densities 
PA and p~ involves both of these relaxation modes. The 
transformation in eq 3 can be written as f = Rp with p = 
[PA,PBIT and 

R = F  kL] (4) 

PA0 PBo 

The longitudinal current density vector J(q,t) associated 
with the variables [+ and [- is defined by 

4 = ikJ (5) 

with components 

and 

In eq 6, j,(q,t) denotes the longitudinal momentum 
densities of component a and is defined by p a  = ikj , .  
Explicitly, 

(7) 

where k = k/k, and pj" = mavja is the momentum of the 
j th  monomer of component a. Equation 6 can be written 
in a compact way as J = Rj with j = GAjBIT.  

We now implement the Zwanzig-Mori formalism with 
the set of dynamic variables A = [[+,[-,J+,J-IT. The 
resulting Langevin equations for €(q,t) are the conservation 
relations already presented in eq 5. The Langevin equation 
for J(q,t) is obtained with the projection operator tech- 
nique: 

k(t)  = ikJ(t) @a) 

where the dots above f and J denote time derivatives, and 
the broken brackets imply equilibrium averages. The 
formal definitions of the random Langevin force F(t) and 
the memory matrix cp(t) in terms of the modified propa- 
gator exp[t(l-P)ill and projection operator P, which is 
defined by its action on an arbitrary phase spacer vector 
G as P.G = (GAt)-(AAt)-'.A(O), arelo 

(1 - P)J(O) (9) 

(10) 

The explicit calculation of the time evolution of cp(t) in 
terms of the modified propagator is in general impossible. 
However, its initial value cp(0) can be calculated explicitly 
by expressing it in terms of the equilibrium correlation 
functions given by: 

(11) 

The equilibrium correlation functions can then in turn be 
expressed in terms of the interparticle potentials and the 
equilibrium distribution function.11J2J4 Hence, in prin- 
ciple cp(0) can be calculated once the interaction potentials 
are specified. It is therefore convenient to write cp(t) as 

p(t) = et(l-hiL 

cp(t) = (et('-fiiL(1 - P)J,Jt).( JJ~)- '  

cp(o) = ( J J t ) . ( ~ ~ t ) - l  - k 2 ( ~ ~ t ) . ( f f t ) - 1  

cpG) = U t )  d o )  (W 
with L(0) = I, where I is the identity matrix. The formal 
definition of the normalized memory function L(t) follows 
from eqs 10 and 12a as 

L(t) = (et(l-fiiL(l - P)J,Jt).( (1 -P)J,Jt)-' (12b) 

More will be said about L(t) later. 
In the study of interdiffusion processes, as discussed in 

ref 14, the small-k limit of cp(k,O) plays an important role. 
This small-k limit is also crucial in the discussion of 
viscoelasticity as will be apparent below. Therefore, we 
study cp(k-0,O) using eq 11 in some detail. Since the 
second term in the latter is already proportional to k2, we 
consider only the first term, which can be written as: 

&-O,O) = R.(jjt).(jjt)-l.RT (13a) 

where we have used J = Rj and J = Rj. The matrix 
element ( j ip*)  is.calculated using eq 7 as ( j i b * )  = 
VK~Tp,o8,p. The j ,  = dj,/dt is obtained from eq 7 as 

i .. 
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where f ja  = dpfldt denotes the longitudinal component 
of the force exerted on the j th  monomer of the species (Y 

by all the other particles in both components. We see 
from eq 13b that in the small-k limit 

N .  

j,(k-O) = xfy = F,  
j=l 

where F, is the total force along k on the a th  component. 
Since the sum of the internal forces of both components 
vanishes, we find 

jB(k-0)  = -FAB (14) 

where FAB denotes the total force exerted on component 
A by all particles of component B. The expression of 
cp(k-O,O) is obtained by substituting eq 14 into eq 13a 
and performing the indicated matrix multiplications. The 
result is presented as the first term in eq 17. 

In order to obtain the expression of cp(k,O) for finite k, 
we write j, when k # 0 as 

j A  = F A B  + ikTA (15a) 

j B  = -FAB + ikTB (15b) 

where the microscopic expressions of ;A and GB are 
obtained from eq 13b as 

- 
- 

The physical implication of the separation in eq 15 is that 
the linear momentum for a given component alone is not 
conserved in a multicomponent mixture. It would there- 
fore by misleading to express j ,  as j, = ika,, as was done 
in ref 12, which would imply j,(k-0) = 0, in contrast to 
the result in eq 14. In the paper by Bearman-Kirk~ood,~ 
the separation in eq 15 is implemented approximately-and 
somewhat inconsistently in the sense that part of i k n ~  is 
included in FAB. 

We now substitute eq 15 into eq 11 and obtain, after 
some algebra, 

where Mis the total mass of all components in the system, 
i.e., M = NAmA + NBmg, and 

which denotes the initial value of the forceforce correla- 
tion function, normalized to a pair of A and B particles. 
The expression of q(k,O) in eq 17 is found as 

q ( k , ~ )  = ( ~ ) . ( J J ~ ) - '  - (JJ~).(c;c;~)-'  + -te(FA,.rrt) - 

( ?rpm)eTI.( JJt)-l (19) 

1 
IkPO 

where we have introduced 

and ;B are the longitudinal partial pressure tensors, 
whereas T+ and T- can be interpreted as the longitudinal 
total pressure tensor and longitudinal-diffusion pr_ess_ure 
tensor, respectively. If one introduces T = column[a~,~gl ,  
then eq 20 can be compressed as 

T = R?r (21) 

In the last term of eq 19, we have also introduced e = 
[0,1IT and 

1 1 1  -=-+-  
PO PA0 PBO 

(22) 

One can show that the limit of q(k,O) as k - 0 is finite even 
though ik appears in the denominator in eq 19. 

With the above definitions, the Langevin equations (8) 
read as 

According to eq 12a, the time dependence q(k , t )  is given 
by 

s (k , t )  = U t )  s(k,O) (24) 

where the time evolution of L(t) is governed by the 
modified propagator given in eq 12b, and {(to is expressed 
as 

which cv be demonstrated by substituting the small-k 
limit of J(k,O) directly into eq 10. The time evolution of 
q(k,t)  can also be expressed explicitly in terms of the 
modified propagator. However, the expression in eq 24 
lends itself better to approximations as the following 
discussions will indicate. 

In eq 23 all the equilibrium averages are either calculable 
directly, e.g., (JJ), or expressible in terms of thermody- 
namic derivatives in the limit k -+ 0.l1J2 Only L(k, t )  cannot 
be calculated explicitly because its time evolution is 
governed by the modified propagator. An implementation 
of the memory function formalism with the extended set 
of dynamical variables that includes also the time deriva- 
tives of the nonconserved parts of the pressure tensor (see 
Appendix A) shows that the Laplace transform of L(t) 
can be expressed as 

L(s) = [SI + 4(s)l-' (26) 

where $(k,s) denotes the 2 X 2 memory matrix in the 
above extended description. In the Markov limit, which 
corresponds to replacing Q(k,s )  by Q(k,O),  L(t) can be 
written as 

~ ( t )  = e-tW (27) with 
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where W(k) = &(k,O). In this limit, only the relaxation 
matrix W has to be modeled. The eigenvalues of W yield 
the relaxation frequencies of the viscoelastic modes. 

We can eliminate J ( t )  in eq 23 to obtain an equation for 
Ut) :  
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u)&u) - k 2 1 d u  q(t-u)&u) + ikF(t) (28) 

This equation was previously obtained by Hess and 
Akcasu14 with a slightly different normalization in their 
study of the interdiffusion process in polymer mixtures 
by neglecting the second integral term which accounts for 
the viscoelastic effects. In this paper, we focus our 
attention on the effect of viscoelasticity on dynamic light 
scattering and the retention of this term is very important. 

By multiplying eq 28 by tt(0) and taking the equilibrium 
average, we obtain an equation for the dynamic scattering 
matrix S(k,t) = ( [ ( t )  It(0)). The contribution of the 
random Langevin force, (F(t) 5t(0)), vanishes exactly by 
virtue of (1 - P)[t(O) = 0 (cf. eq 9). The resulting equation 
reads 

u).S(u) - k2Jotdu q(t-u).S(u) (29) 

which can be solved for S ( k , t )  with the Laplace transform 
technique. Although this equation is exact, it does not 
display explicitly the coupling between the density and 
concentration fluctuations. Therefore, we explicitly in- 
vestigate in the following section the equations for the 
components [+(t) and [-(t) and introduce approximations 
appropriate to light scattering experiments. We also 
compare our results with those by Wanga5v6 

Connection with Wang's Work 
We start by writing eq 28 in component form. Verifying 

first that (J+J:) = kgTV/po, (J-z) = kBTV/po and 
(J+J') = 0, we find 

where 

We note that the friction term ((to appears only in eq 30b, 
which describes an interdiffusion process including vis- 
coelastic effects. 

The next task is to identify the equilibrium averages 
([&*) in terms of thermodynamic quantities appearing 
in the macroscopic hydrodynamic theory. To this end, 
we introduce the following linear transformation from [+ 
and E- to 6 and l1: 

51 = 5- (32b) 

The reason for this transformation is that the variables 5 
and 41 were used by Desai12 in his description of binary 
fluid mixtures, and their static correlations were related 
to thermodynamic quantities. The variables 5 and 51 are 
orthogonal to each other in the sense that ([I[*) = 0. The 
variable f can be expressed directly in terms of the mass 
densities PA and pg: 

(33) 

where b~ and DB are the partial specific volumes of 
components A and B, respectively. They are given by 
Desai12 as 

5 = DAPA + ~ V B P B  

(34a) 

(34c) 

In the limit of k - 0, DA, b g ,  and bm are expressed in terms 
of thermodynamic derivatives of chemical potentials. 
Desai12 also showed that in the limit of k - 0 

(35a) 
1 - (E* )  V = ~ B T x T  

where XT is the isothermal compressibility. The remaining 
task is to identify A and ([+[:)/A in eq 30 in terms of 
([[*) and (&) which have already been identified 
above. This can be done conveniently by writing the 
transformation in eq 32 in matrix form as = Z[ where 
t' = column[5,511, 

and, as before, E = column[f+,[-l. Then 

(Wt) = Z{Itt)ZT (37) 

Since IZI = 1, from eq 31 we find A = I(.$?)l or 

A = (FEt) (E-Lt)  (38) 

This result leads to the following identification in eq 30a: 

(39) 

where CL is the longitudinal isothermal speed of sound. 
The identification of ([+[:)/A appearing in eq 30b is 

made by first writing eq 37 as 

(tt+)-l = ZT( t y + ) - l Z  
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and then calculating the 2-2 element of both sides. The 
result is 

where ( E [ * )  and (&) have already been identified in eq 
35. 

In order to display the connection between the above 
microscopic theory and Wang’s macroscopic approach 
written in terms of the total mass density p = PA + p~ and 
the mass density of the polymer component, p ~ ,  we now 
express eq 30, written for E+ and [-, in terms of p(t) and 
p ~ ( t ) .  Noting that p(t) = po[+(t) and 

which follows from the definition of F- in eq 3b, we find 
for the mean of p(t) 

We note that eq 42 is exact except for the neglect of the 
average of the random force, which implies linearization. 
It differs from the corresponding equation derived by Wang 
(eq 10 in ref 5) in two respects: The first term in eq 42 
corresponds to the total pressure P owing to the fact that 

The factor p o i j ~  in the first term of eq 44 is not present in 
eq 9 of ref 5. The second discrepancy between eq 42 and 
the corresponding eq 10 of ref 5 lies in the way the effect 
of the viscoelastic modes on the total density fluctuation 
is taken into account. This effect is represented in eq 42 
by a+(t) and by the second term on the right-hand side of 
eq 10 of ref 5. Whereas the latter involves only the 
derivative of the total density p( t ) ,  a+(t) in eq 42 contains 
also a contribution from p ~ ( t )  through the kernel 7+ J t ) .  

The equation satisfied by p ~ ( t )  can be obtained by 
differentiating eq 41 with respect to time twice and using 
eq 30. We shall present the result in the isobaric limit 
only, which is reached after the total pressure equilibrates 
in time scales shorter than the relaxation times of the 
concentration and viscoelastic modes. In this limit, we 
first solve eq 30a for E+(t), treating &(t) as stationary, and 
obtain its asymptotic form as 

(45) 

We then solve eq 30b for [At)  by eliminating .$+(t) using 
its asymptotic value in eq 45. This procedure corresponds 
to the adiabatic elimination of a fast variable. 

The relaxation of .$+(t) to its asymptotic value is 
described by eq 30a with t-(t) = 0: 

where ;+ +(SI denotes the Laplace transform of q+ +(t).  In 
obtaining eq46 from eq 30a, we assumed that v+ +(t)  decays 
faster than [+(t) .  This simplification facilitates the 
interpretation of eq 46 as an equation that describes sound 
waves in a viscous medium. When the oscillations are 
underdamped, its solution reads 

~ + ( t )  = jto~ABt-(t) + C,e+ cos(wt + 0) (47a) 

where C1 and 0 are constants of integration, and 

Equation 47a shows that ;+ +(O) is responsible for the 
damping of the sound waves in the mixture. When the 
oscillations are overdamped, the relaxation of [+(t) is 
described by 

E+w = P ~ D ~ [ - w  + C,e+ (47b) 

with y = C L ~ / ~ +  +(O). 
The relationship between [+(t)  and [-(t) in eq 45, which 

will be used to eliminate [+(t) in solving eq 30b for E&), 
is equivalent to assuming that the pressure gradient is 
zero at all times, i.e., the isobaric limit. Equation 45 can 
also be expressed in terms of the other variables as 

Since D u ~ ( t )  and DBPB(~) denote the fluctuations in the 
volume fractions of the components, eq 48a is a statement 
of local incompressibility. It also implies E+(t) = (DAB/ 
poD~)p~(t)  when eq 48b is used in [+(t)  = p ( t ) / p o  and [-(t) 
= p ~ ( t ) / p ~ o p ~ @ ~  when eq 48a is substituted in eq 3b. Thus, 
in the isobaric limit, both [+(t) and [-(t) are proportional 
either to p ~ ( t )  or to p ~ ( t ) .  

The time evolution of the mean of [-(t)  in the isobaric 
limit is obtained from eq 30b by eliminating t+(t) using 
eq 45 as 

where we have introduced 

which can also be written in terms of the thermodynamic 
quantities using the identifications made in eq 34 as 

~ ( t )  = MODBAV- +(t) + 7- - ( t )  (Sob) 

In obtaining eq 49 we used the Markoy limit of the friction 
term and introduced {(O), where {(s) is the Laplace 
transform of {(to. In Appendix B we present the details 
of the Markov limit to show why it affects only the friction 
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term. Since f - ( t )  is proportional to p ~ ( t ) ,  eq 49 leads to 
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k2Jotdu d t - ~ )  &(u) (51) 

This equation has exactly the same form as eq 26 in ref 
5, which is written for the density of the polymer 
component in the binary mixture. There is however an 
important difference in the terms representing the vis- 
coelastic effects, Le., the last term in eq 51. The second 
term 7- -(t) in the expression of the viscosity kernel ~ ( t )  
in eq 50b is not present in Wang’s work. Since the latter 
contains only the first term, which is proportional to DA 
- DB, it predicts the viscoelastic effects to vanish when DA 
= DB (when the factor p = 0 in Wang’s notation). Hence, 
the effect of viscoelasticity on the QEL spectrum observed 
by Brown and Stepaneka in semidilute polymer solutions 
in poor solvents can be attributed to this additional term. 
The conclusion that q( t )  does not vanish when DA = DA is 
one of the main contributions of this paper. 

Time Dependence of q ( t )  
In this section we discuss the time dependence of 7( t )  

in eq 51. The time dependence of the viscosity tensor q( t )  
is given in the Markov limit by eqs 24b and 27 as 

q ( t )  = e-wtq(0) (52a) 

where the microscopic expression of q(0) was given in eq 
19. We expand exp[-Wtl as 

e-wt = e-htEl + e-A2tE 2 (5%) 

where A1 and A2 are the eigenvalues of the 2 X 2 relaxation 
frequency matrix W, and E1 and E2 are the idempotent 
matrices with the property EiEj = Ei&+ E1 and E2 can be 
expressed in terms of the right and left eigenvectors of 
W,l5 but these expressions will not be needed in the 
following derivations. Using eq 52, one can show after 
some algebra that 

7- +(t)  = e-’lta- + + e-’Ztb- + 

where aij; = [E~q(O)]ij and bij = [E2q(O)lih Substitution 
of these results into eq 50b yields 

s( t )  = [ c ~ ~ D B A u -  + + a- -1e-’1’ + [,.&Ab- + + b- 
(53) 

Since the relaxation matrix W(k) = &(k,O), wher &(k,s) is 
the Laplace transform of the memory matrix in the six- 
component description (see Appendix A), its eigenvalues 
and eigenvectors cannot be calculated explicitly. Hence, 
both A1 and A2, as well as aij and bij have to be modeled, 
even though the elements of ~ ( 0 )  can be calculated at least 
in principle in terms of the equilibrium correlation 
functions.llJ2 Therefore, eq 53 is presented only to display 
the structure of the time dependence of ~ ( t ) .  The fact 
that the relaxation of the latter is described by two 
exponentials is a consequence of the use of the Markov 
approximation in the six-component description. The 
representation of the exact time dependence of V ( t )  
requires an infinite set of exponential functions, or 
nonexponential functions, e.g., stretched exponentials. One 

of the consequences of eq 53 is that q( t )  decays with two 
relaxation frequencies even in the case of I ~ A  = I~B. In the 
interpretion of light scattering experiments a single- 
exponential representation ~ ( t )  may be sufficient to analyze 
the data in concentrated homopolymer solutions.16 

Calculation of S(k,t) 
The dynamic scattering function S(k,t) = (pB(k,t) PB- 

(-k,O)) is obtained from eq 51 by taking its Laplace 
transform with the initial conditions S ( k )  = (lpB(k))12) 
and (PB(k,O) PB(-k,O)) = 0 as 

(54) 

with 

A(s) = sf(s) + k2E, 

E,, = (~o/~o)/(&/dc),, 

f = (M/mAmB)?(O) 

where E,  and f denote the osmotic modulus and friction 
coefficient, respectively, as introduced by Brochard and 
de Gennes.l% When s(t)  is represented by a sum of 
exponentials as in eq 53, S(k , t )  is also expressed as a sum 
of exponentials: 

where -rj are the poles of S(k ,s ) ,  Le., the roots of the 
denominator in eq 54 so that A(-rj) = 0, and Rj are the 
residues of S(k ,s )  at  these poles which we assume to be 
simple. The Rj are calculated as 

R~ = f(-rj)/Ay-rj) 

where A’(s) = dA(s)/ds provided f (s)  is analytic a t  s = -rj. 
Because of the normalization of S(k , t )  in eq 55, CjRj = 1. 
There are four terms in eq 55 when ~ ( t )  is represented by 
two exponentials as the six-component description implies 
in Markov limit. When the second-order time derivative 
of p ~ ( t )  in eq 51 is neglected in the small frequency limit 
o << f ,  which is consistent with the Markov limit (see 
Appendix B), there remains onlzthree exponentials in eq 
55, f (s)  reduces to f (s)  = f + k27(s), and A@) becomes a 
third-order polynomial in s. It is interesting to point out 
that, in this limit, the first cumulant of S(k , t )  can be 
calculated from eq 54 by using the- final value- theorem, 
which states limt.+ h(t) = lima.-.- h(s) where h(s) is the 
Laplace transform of h(t), provided bothlimits exist. Using 
the definition of the first cumulant as R = -limt.+ d In 
S(k,t)/dt and the final value theorem, we find 

(56) 

which yields Q ( k )  = k2D, where D, = E J f ,  the collective 
diffusion coefficient. This is an interesting result because 
it implies that the first cumulant is not affected by the 
viscoelasticity. If we had retained the second-order time 
derivative Of p ~ ( t )  in eq 51, the initial slope of S(k , t )  would 
be zero, as one can verify by using eq 55. 
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other thermodynamic quantities in the theory, and its 
extraction from these definitions requires a detailed study 
of interactions between the monomer and monomer- 
solvent and solvent-solvent molecules. Such a study is 
considered to be outside of the scope of this paper. 
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Appendix A. Six-Component Description 
In this appendix we compare the four- and six- 

component descriptions to justify eq 26 in the text. The 
dynamical variables in the extended six-component de- 
scription of a binary mixture are chosen as A = [€,J,ulT, 
where [ and J were defined in eqs 2-5 in the text. The 
additional variable u is defined through 

J ( t )  = (J@)*(F€t)-'.[(t) + u( t )  (All 

It is clear from its definition in eq A1 that u is orthogonal 
to 5,  i.e., (~(0) € * ( O ) )  = 0. Its orthogonality to J follows 
from odd-even parity cosnideration. The physical mean- 
ing of u( t )  follows from its definition as the nonconserved 
part of the pressure tensor. It represents the viscous stress 
tensor. Implementation of the memory function formalism 
with a projection operator projecting onto the initial values 
5,  J, and u yields the following Langevin equation in 
addition to the conservation equations F(t) = ikJ(t) and 
eq Al: 

In the earlier models of viscoelasticity reviewed in ref 
1, ~ ( t )  is represented by a single exponential as 

q ( t )  = E,e-tiTr 

where E, is the longitudinal bulk modulus, and the 
relaxation time Tr is taken to be the characteristic lifetime 
of the entanglements in the transient netw0rk.l~~ In this 
case, A(s) is quadratic in s, and S(k , t )  is represented by 
a bimodal distribution with relaxation frequencies I'l and 
r2, which satisfy rlr2 = k2D,/T, and r1+ r2 = Tr-l + k2D,, 
where D, = (Eo8 + E,)/f, pseudo gel diffusion  coefficient.'^^ 
The amplitudes of the modes R1 and R2 = 1 - R1 in this 
case can be obtained explicitly using R1+ R2 = 1 and FIR1 
+ rzR2 = Q ( k )  as 

(57) 

In the absence of viscoelasticity, i.e., when E, = 0,  D, = 
D,, = k2D, = Q ( k ) ,  which represents the collective 
diffusion, and r2 = Tr-'. The amplitude, Rz, of the mode 
corresponding to r2 is zero in this case, and there is only 
one exponential term in the spectrum of the scattered 
light, becauseRl= 1 according to eq 57. When the coupling 
between the collective diffusion and viscoelastic mode is 
taken into account, i.e., E, # 0,  the relaxation frequencies 
can be approximated as F l =  k2D, and r2 = Tr-'(DJDg), 
provided k2D, >> Tr-l. As is observed experimentally, the 
relaxation frequency I'2 of the slow mode is independent 
of k .  The coupling to the viscoelastic mode alters the 
diffusion coefficient D,  of the fast diffusive mode. Since 
D, > D,, the collective diffusion is enhanced in the presence 
of viscoelasticity. The bimodal representation of the light 
scattering was used earlier by Adam and DelsantilG to 
interpret the scattering data. The general properties of 
the relaxation frequencies when q(t)  is represented by more 
than two exponentials have been studied recently by 
Genz.17 

Concluding Remarks 
We have developed a microscopic theory of viscoelas- 

ticity for a mixture of two species. The theory is general 
and applicable to binary polymer blends, binary mixtures 
of nonpolymeric fluids, and a solution of homopolymers 
in a solvent of small molecules. We have demonstrated 
that, in the small k (wavenumber) limit, the microscopic 
theory reproduces the hydrodynamic description of binary 
mixtures with microscopic expressions for the various 
thermodynamic quantities, such as the isothermal com- 
pressibility, specific volumes, etc., and have compared the 
resulting hydrodynamic equations with those used by 
Wang.5 We have found that, in the viscosity kernel q( t ) ,  
which describes the coupling between the viscoelastic 
modes and the concentration fluctuation, there is an 
additional term which is not present in Wang's theory. 
This term does not vanish when the specific volumes of 
the components b~ and DB are matched. Thus, the effect 
of viscoelasticity experimentally observed by Brown and 
Stepaneks under the experimental condition of DA = DB 
cannot be ruled out a priori. Although one may be able 
to interpret light scattering experiments under various 
experimental conditions using the present theory and by 
properly modeling the viscosity kernel q( t ) ,  the theory 
still does not explicitly display the effect of the solvent 
quality, the molecular weight, and entanglement of the 
chains on the viscoelastic modes. This detailed informa- 
tion is implicit in the formal expressions of ~ ( t )  and the 

u(t)  = (oJt).( JJt).J(t) - x*(t-u).u(u) + F,(t) (A2) 

Since the average of the Langevin force over the initial 
distribution vanishes in the linear approximation, eq A2 
represents, when averaged over the initial distribution, 
the microscopic version of the linear constitutive equation 
relating the mean values of the viscosity stress tensor to 
the rate of strain tensor. Since (F,(t) Jt(0)) = 0, we can 
calculate the time correlation function (u ( t )  Jt(0)) exactly 
from eq A2. Denoting the Laplace transform of u( t )  by 
u(s), we find 

(;(S) Jt)  = [SI + ~(s)]-'.(UJ+).(JJt)-'.(S(s) Jt)  (A3) 

We now compare the six- and four-component descriptions 
by inspecting the expression of d ( t )  in these descriptions, 
i.e., eqs A1 and 8b in the text, respectively. Since (Jtt) 
= ik (JJt ), the first terms on the right-hand side in these 
equations are identical. Hence, we obtain 

a( t )  = -Jotdu q(t-u).J(u) + F(t) (-44) 

By multiplying both sides of eq A4 by Jt(O), taking the 
equilibrium average and the Laplace transform of the 
resulting equation, we find 

(a(s)J'(O)) = -Cp(s).(J(s) Jt) (-45) 

Comparison of eqs A3 and A5 yields 

;(s) = -[SI + ~(s)]-'.(UJt).(JJt)-' (A6) 

which relates the memory functions in the four- and six- 
component descriptions. We now show that eq A6 can be 
written as 
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where p(0) is given in eq 11 in the text. To do this, we first 
verify that -(UJt) = (uJt) and then substitute into the 
latter u(0) from eq Al .  The result is 

-(UJt) = (JJt) - (J[t)*([[t)-'.([Jt) (AS) 

Since (J[t) = ik (JJt ) and ([Jt ) = -ik (JJt ), eq A8 can 
be written as 

-(aJt) = (JJt) - k2(JJt).([[t)-1.(JJt) (A9) 

Multiplying both sides of eq A9 by (JJt)-l from the right, 
we recapture the expression of p(0) as given in eq 11, thus 
proving eq A7. The latter expression is just the continued 
fraction expansion of ;(s) and was used to obtain eq 26 
in the text. 

Appendix B. Implementation of the Markov 
Limit in Equation 49 

Markov limit is implemented: 
Equation 49 has the following generic form before the 

where a and b are constants independent of k. The Markov 
limit implies k - 0 and t - a, keeping k2t = T fixed. 
Chan ing t to T ,  denoting S ( k , 7 / k 2 )  by S(T), and noting 
that B ( k , 7 / k 2 )  = k 2 S ( T ) ,  one gets 
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k2S(7) = -uS(T) - bJ:'k*du {(u) S(7-uk2) - 

In the last term of eq B2, we substituted u = vf k2. We now 
take the limit k - 0 and obtain 

0 = -uS(T) - bS(7) t(0) - c d u  V(U) S(T-u) (B3) 

When eq B3 is written in the original variables t and k, 
one obtains eq 49 in the text. We note that the second 
derivative of S(k , t )  in eq B1 vanishes in the Markov limit. 
We kept it in eq 49 for comparison with the phenomeno- 
logical theory. 
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